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Abstract
Sasankan et al. [1] have recently claimed that there are significant
deviations in the distributions of the kinetic energies of nuclei from
the Maxwell-Boltzmann form usually assumed in BBN, and further,
that these deviations lead to big changes in the predicted light-element
abundances. Solving the relativistic Boltzmann equation perturba-
tively, we explicitly show that these deviations are not 20% as claimed,
but rather are about 10−17 in size and hence cannot significantly al-
ter the predicted light-element abundances. We discuss and compute
two related effects: O(0.1%) corrections to the kinetic distributions of
nuclei that arise from small relativistic corrections to the MB distribu-
tion and a much smaller effect, nuclear kinetic drag, which arises from
the heat transferred from the EM plasma to nuclei that is needed to
maintain kinetic equilibrium.
1 Introduction
The detailed and correct computation of big-bang nucleosynthesis (BBN)
dates back 51 years to the seminal papers of Wagoner, Fowler and
Hoyle [2]. Since that time, the BBN code has been updated for numer-
ous physics effects including finite-temperature Coulomb and radiative
corrections [3], finite nucleon mass [4], neutrino heating by e± an-
nihilations [5], QED plasma effects [6] and more accurate numerical
integration techniques [7, 8, 9]. In addition, the input reaction rates,
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including the neutron mean lifetime, have been more accurately and
precisely measured and the uncertainties quantified (see e.g. [10]). The
BBN code is one of the avatars of precision cosmology. Moreover, the
comparison of the predicted light-element abundances (D, 4He, 3He
and 7Li) with their inferred primordial abundances is the earliest test
of the hot big bang cosmology as well as a powerful cosmological probe
of particle physics.
Recently, Sasankan et al [1] have called attention to an effect which
they claim changes the predictions for the abundances of the light
elements significantly. Specifically, they question the assumption that
nuclei are in kinetic equilibrium with phase-space distributions that are
well described by Maxwell-Boltzmann distributions. They argue that
kinetic equilibrium for nuclei in the relevant temperature range (T ∼
1MeV to T ∼ 0.05MeV) is maintained by scattering with the semi-
relativistic e± plasma; based on numerical simulations, they suggest
that this leads to a distorted kinetic distributions for nuclei, one that
appears to be described by a MB distribution that is about 20% hotter
than the temperature of the relativistic plasma (see Fig. 1 in [1]). If
their work is correct, this leads to a large change in the predicted
light-element abundances, which they compute.
The importance of BBN in cosmology motivates our work. In this
paper, we show that there is a deviation from kinetic equilibrium, but
it is extremely small. In particular, using the relativistic Boltzmann
equation, we explicitly show that any distortion that arises from nu-
clei being thermalized by the EM plasma is of the order of the ex-
pansion rate over the scattering rate, or about 10−17, not 20%. We
discuss and quantify two related, small effects: The lightest nuclei are
slightly relativistic, v ∼ 10−4 − 10−3, and so there are corrections to
the MB distribution of order 0.1%. Further, because the nuclei are
non-relativistic, in the absence of interactions with the electromag-
netic (EM) plasma, their temperature would decrease faster than the
electromagnetic plasma, and the continued transfer of a small amount
of energy from the EM plasma to nuclei quickens the cooling of EM
plasma. This is a very tiny effect because the thermal energy of the
EM plasma is a billion times greater than that of the kinetic energy
carried by nuclei.
2 Relativistic Boltzmann Equation
The relativistic Boltzmann equation governing the phase space distri-
bution of species X in the RW expanding Universe is given by [11]:
Lˆ[fX ] = Cˆ[fX ] (1)
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where the Liouville operator and collision term are given by
Lˆ[fX ] = E
∂fX
∂t
−H |p|2 ∂fX
∂E
(2)
Cˆ[fX ] = −1
2
∫
dΠadΠidΠj |M|2a+X↔i+j(2π)4δ(4)(. . . )
× [fafX(1± fi)(1± fj)− fifj(1± fa)(1± fX)] , (3)
the + is for bosons, the − is for fermions, and ~ = kB = c = 1
throughout. Anticipating the problem of interest we have specialized
to a single 2 ↔ 2 reaction. More generally, the collision term should
be summed over all possible interactions.
Next, we remind the reader that Cˆ[fX ] = 0 in the case that the
particles (here a, X , i and j) take on equilibrium distributions charac-
terized by a temperature:
fEQ =
1
e(E−µ)/T ∓ 1 , (4)
with µa + µX = µi + µj . That is, in the absence of expansion, the
stationary solution, i.e., thermal equilibrium, is given by the usual FD
(or BE) distributions for each species. In the expanding Universe, the
growing scale factor a(t) shifts the particle distributions through the ef-
fect of redshifting of particle momenta: |p| ∝ a−1, irrespective of mass,
where a(t) is the RW cosmic scale factor. Thus, in general, maintain-
ing thermal distributions requires interactions that occur rapidly on
the expansion timescale, H−1.
2.1 Collisionless, Nonrelativistic Limit
In the nonrelativistic limit, the Liouville operator becomes
Lˆ =M
(
∂
∂t
− 2HEK ∂
∂EK
)
,
whereEK = p
2/2M . Further, for any phase space distribution f(EK , t)
of the form f = g(EK = a
2E˜), Lˆ[f ] vanishes. This means that in
the collisionless limit, the phase space distribution function f simply
evolves due to the redshifting of particle kinetic energy as a−2. If the
initial phase-space distribution was thermal, then in the absence of
collisions, the distribution remains thermal with a temperature that
redshifts as a−2. This is a standard result.
More well known is that in the collisionless relativistic limit,
Lˆ = |p|
(
∂
∂t
− 2H |p| ∂
∂EK
)
,
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an initially thermal distribution will remain thermal with a temper-
ature that redshifts as T ∝ a−1, even in the absence of interactions.
The high precision to which the CMB is a blackbody spectrum today,
15Gyr after photon decoupling, gives strong testimony to the correct-
ness of this result.
2.2 Nucleon/nuclei heating by the EM plasma
Around the time of BBN, the two constituents of the EM plasma,
photons and e± pairs, have comparable abundances. Since the e±-
scattering cross section with nucleons/nuclei is larger, that process
is more important (see [1] for a discussion of this point), and so we
consider only the thermalizing reaction e±(p) + N(P ) ↔ e±′(p′) +
N ′(P ′):
∂fN(P )
∂t
− 2HEK ∂fN (P )
∂EK
= − 1
2M
∫
dΠpdΠp′dΠP ′
×|M|2e+N↔e′+N ′(2π)4δ(4)(. . . )[fe(p)fN(P )(1 − fe′)
−fe(p′)fN (P ′)(1 − fe)] (5)
where M is the mass of nuclide of interest, dΠ = d3p/(2π)32E is the
usual LIPS, the matrix-element squared is
|M|2e+N↔e′+N ′ =
16Z2e4
q4
[
4(p · P )2 + q2 (m2e +M2 + 2p · P )+ q
4
2
]
, (6)
pµ, Pµ, p′µ, P ′µ are the four momenta of the particles, e, N , e′, and N ′,
and the momentum transfer is qµ ≡ pµ − p′µ. Because the quantum
occupancy of nucleons/nuclei is small, we have neglected the Pauli
blocking factors (for more about this, see Sec. 2.4). Here and in the
following, we will often use P, q to denote |~P |, |~q|.
The dimensions of the two sides of Eq. 5 are [E] = [time]−1, that
of a rate. By pulling out a factor of Γ ≡ 4MZ2e4 on the r.h.s., the
remaining integral becomes dimensionless. Γ characterizes the inter-
action rate, and if we compare it to the expansion rate of the Universe
H ≃ T 2/mPl,
Γ
H
≃ Z
2e4mPlM
T 2
∼ 10
21
(T/MeV)2
,
we see that the scattering rate of nuclei with thermal e± pairs is ex-
pected to be very high, of order 1021 scatterings per Hubble time, and
so we expect any departures in the phase space distribution of nuclei
from equilibrium to be very small, with size set by H/Γ. We now ex-
plicitly show that this is indeed the case, though factors of M/T raise
the size of the departure slightly. In the ensuing section, we calculate
the correct M/T dependence.
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2.3 Perturbative estimate of non-equilibrium
Because nuclei are non-relativistic, expansion cools their kinetic dis-
tribution faster than the EM plasma, driving a departure from kinetic
equilibrium with the EM plasma (1/a2 versus 1/a). However, elastic
scatterings with the EM plasma heat the nuclei, and drive their distri-
bution toward kinetic equilibrium with the plasma, at a rate Γ≫ H .
To calculate the size of the expected small deviation from equilib-
rium, we write the distribution function for a nuclide as the equilibrium
distribution plus a small correction: fN (P ) = fEQ(P ) + δf(P ). Ap-
plying the Liouville and collision operators to our ansatz and keeping
the lowest-order terms in δf , we find:
Lˆ[fN ] = MH(EK/T )fEQ
Cˆ[fN ] = −1
2
∫
dΠedΠe′dΠP ′ |M|2(2π)4δ(4)(Pµ + pµ − P ′µ − p′µ)×
×{fe(p)[1 − fe(p′)]δf(P )− fe(p′)[1− fe(p)]δf(P ′)}
= −1
2
∫
dΠedΠe′dΠP ′ |M|2(2π)4δ(4)(Pµ + pµ − P ′µ − p′µ)×
×fe(p)[1− fe(p′)]
[
δf(P )− e(Ee−E′e)/T δf(P ′)
]
≃ −1
2
∫
dΠedΠe′dΠP ′ |M|2(2π)4δ(4)(. . . )fe(p)[1− fe(p′)]×
×{δf(P )(Ee − E′e)/T − (P − P ′) δf ′(P )}
where in the final expression we have Taylor-expanded e(Ee−E
′
e
)/T and
δf(P ′) and kept the lowest-order terms. The symbol δf ′(P ) represents
the partial derivative of δf with respect to P .
The Boltzmann equation, Lˆ[fN ] = Cˆ[fN ], now leads to an ordi-
nary differential equation for δf(P ) whose coefficients are phase-space
integrals that can computed numerically. However, we can obtain a
parametric estimate for δf by using the fact that the momentum trans-
ferred q ∼ T and the energy transferred q2/M are small compared to
the nuclide mass M , so that
δf(P )(Ee − E′e)/T ∼ O(T/M)δf
(P − P ′) δf ′(P ) ∼ O[(T/M)1/2]δf.
The first term therefore enters at higher order in T/M . Using the
matrix element from Eq. (6) and integrating over phase space, we find
that the collision term is approximately
Cˆ[fN ] ∼ 32α
2M2T 3 ln(θD/2)I(T )
π|~P |3
δf, (7)
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where we have defined a dimensionless integral over the electron phase
space,
I(T ) =
∫ ∞
me/T
dǫ ǫ2
√
1− m
2
e
T 2ǫ2
exp ǫ
(exp ǫ+ 1)2
∼ O(1),
and the Debye screening angle is θD ∼ α3/2. Dropping order one
numbers, our parametric estimate for δf is:
δf
fEQ
∼ H
Γ
(
M
T
)3/2
1
ln(θD/2)
∼ H
√
M
α2 ln(θD/2)T 3/2
∼ 10−17(T/MeV)1/2. (8)
Thus, we have explicitly shown that the departure from kinetic equilib-
rium is tiny and characterized byH/Γ. Furthermore, since the collision
term is dominated by the first derivative with respect to P , we can ap-
proximately determine the P -dependence of δf(P ) by integrating once
over P . Our analysis above gives δf ′(P ) ∝ P 4fEQ, leading to
δf(P ) ∝
(
1 +
P 2
3MT
)
P√
2MT
e−P
2/2MT +
√
π
2
erfc
(
P√
2MT
)
.
This gives the correct P -dependence to order ∼
√
T/M .
Sasankan et al. [1] describe in version 2 of their paper how they
arrive at their result. Starting with the nonrelativistic version of the
Langevin equation and using “the principle of equipartition of KE,”
they numerically simulate the thermalization of nuclei, specifically pro-
tons, at an EM plasma temperature of T = 0.1MeV. They find that
protons have a kinetic distribution well described by a MB distribution
at temperature of T ≃ 0.12MeV (see Fig. 3), about 20% warmer than
the EM plasma. This is consistent with the fact that at T = 0.1MeV
the average KE of an electron or positron is 20% greater than 1.5T .
Their simulation gives results that are consistent with their in-
correct assumption about equipartition of KE. In the nonrelativistic
limit, thermal equilibrium implies equal KE for all particle species
independent of mass; in the relativistic limit (or mixed nonrelativis-
tic/relativistic limit) this is not true, cf., the average energy per particle
for a boson is 2.7T and for a fermion is 3.15T compared to 1.5T for a
nonrelativistic species. While the Langevin and Fokker-Planck equa-
tions, which are used to describe the thermalization of heavy particles
by lighter particles (e.g., Brownian motion), can be derived from the
Boltzmann equations, the relativistic version of these equation is ap-
propriate here. Had they done this, they would not have needed their
“equipartition assumption” and we believe they would have arrived at
results consistent with ours.
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2.4 Relativistic correction to MB distribution
Nuclei are slightly relativistic at the time of BBN: v2 ∼ T/M ∼ 10−4−
10−3 and thus the use of the MB distribution, f(v) ∝ v2 exp(−EK/T ),
to describe their phase space distribution is not exact. The correction
is easy to compute by starting with the exact FD (or BE) distribution:
gN
e(E−µ)/T + 1
−→ e−(E−µ)/T ∝ e−EK/T ,
where the first step follows from the fact (E − µ)/T ∼ ln(η−1) +
3 ln(M/T )/2 ∼ 25 ≫ 1 (which implies small phase-space occupancy)
and EK ≡ E −M = (γ − 1)M . Next, it is straightforward to show
that
p2dp =M3γ5v2dv.
Therefore, in the E − µ ≫ T limit (relevant to cosmology), the fully
relativistic phase space distribution is
gN p
2dp
e(E−µ)/T + 1
−→ gNM3γ5v2dve−EK/T . (9)
Expanding γ = 1/(1− v2)1/2 and e−EK/T in powers of v2, we find the
lowest-order correction to the MB distribution:
fN (v) ∝
[
1 +
(
5
2
− 3
8
Mv2
T
)
v2 +O(v4)
]
v2dve−Mv
2/2T . (10)
The sign of the correction varies from positive, for Mv2 < 20T/3, to
negative, for Mv2 > 20T/3. While the thermal average of Mv2 is 3T ,
where the overall O(v2) correction is still positive, the Gamow peak for
most of the important BBN nuclear reactions is at an energy of a few
times the thermal average [10], where the correction can be negative.
In any case, the correction is small, of the order of 0.1%, smaller than
the experimental uncertainties in the nuclear reaction rates [10].
2.5 Nuclear kinetic drag
Finally, we consider a distinct effect that has previously been ignored.
As discussed above, once nucleons and eventually nuclei become non-
relativistic, for T ≪ 1GeV, their kinetic energies redshift as a−2 and
without heating their kinetic temperature would decrease as a−2 as
well. The interactions of nuclei with the relativistic plasma heats the
nuclei and keeps them in good thermal contact, as discussed above.
However, this heating depletes energy from the relativistic plasma and
causes it to cool moderately faster than 1/a(t). Using dE = −pdV
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with
E = a3 ρ
ρ = ρEM +
3
2
nT
p =
1
3
ρEM + nT
V = a3
ε ≡ 3nT/2
ρEM
(11)
it is simple to show that
T ∝ a−(1+ε/4)
Here n is the number density of nucleons/nuclei and ε, the ratio of
the kinetic energy in nucleons/nuclei compared to the EM plasma, is
approximately constant and equal to the one-eighth of the baryon-to-
photon ratio η, or around 10−10. Clearly this is a very tiny effect.
By comparison, the annihilation of e± pairs (T ∼ 0.3MeV to
T ∼ 0.03MeV) heats the photons. The average slope of the tempera-
ture/scale factor relationship during this period is T ∝ a−0.84 rather
than a−1. This much larger effect is incorporated into the standard
BBN treatments.
3 Conclusions
It is often said that we are in the era of precision cosmology. BBN,
CMB last-scattering, and the evolution of CMB anisotropy are ex-
emplars of such. Both involve precision calculations based on well-
understood physics, and both have a history that traces back to the
discovery of the CMB more than 50 years ago. CMB anisotropies have
been computed with a theoretical uncertainty of less than 0.1% and
have been measured to the cosmic variance limit for multipoles up to
∼ 2000. The estimated theoretical uncertainty in the BBN code for
computing 4He is less than 0.1% with the uncertainty in the neutron
lifetime adding a similar amount to the error budget [7]. The theo-
retical uncertainties for the other light-element abundances are at a
similar level [10]. Moreover, the precision determination of the baryon
density links the two: BBN and CMB each separately determine the
baryon density to per cent level, and the two determinations agree [12].
This backdrop of precision cosmology made the claim of a 20% cor-
rection to the kinetic distribution functions of nuclei [1] of potential
great importance and motivated our work. To wit, we have solved the
relativistic Boltzmann equation for the nuclear phase-space distribu-
tion and explicitly shown that any non-equilibrium effect arising due
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to e± (and photon) scattering with nuclei is many orders-of-magnitude
smaller than this, owing to the very large scattering rate compared to
the expansion rate. We have not been able to identify the source of
the discrepancy with [1].
Finally, we identified two new small effects: relativistic corrections
to the MB distributions for nuclei and a nuclear kinetic drag on the
EM plasma which hastens its cooling. The latter of these effects is
extremely tiny. The former, the relativistic corrections, are expected to
be of the order of 0.1% and their effect on the light-element abundances
is expected to be similar, but has yet to be computed.
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